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Correction of the exam EDO3,

Consider the boundary value problem for fractional differential equations,

°D%(t) = f(t,y), foreach t € J =1[0,T], 2<a<3, (1)
y(0) =, ¥'(0)=ys ¥ (T)=yr (2)
Question 1 : (5points)

Assume y satisfies (1), then a Lemma implies that

1 t
t) = t 24+ —— | (t—35)*"th(s)ds.
y(t) = co + 1t + cot” + o) /0 (t—s) (s)ds

From (2), a simple calculation gives
Co = Yo, €1 = Yo,
and
" 1 g 3
T)=2 _— T — s)* °h(s)ds = yr.
V(T) =200+ s [ (T =9 his)ds =

Hence we get direct equation . Inversely, it is clear that if y satisfies direct equation, then
equations (1)-(2) hold.

Question 2 : (5points)
Transform the problem (1)—(2) into a fixed point problem. Consider the operator

N :C(J,R) = C(J,R)

defined by
NGO = Fa [ =9 sl
- m/o (T —5)**f(s,y(s))ds
+yﬁﬂy+%ﬁ

Clearly, the fixed points of the operator N are solution of the problem . We shall use the Banach
contraction principle to prove that N has a fixed point. We shall show that N is a contraction.



Let xz,y € C(J,). Then, for each t € J we have
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Thus

ING) = Nl < AT | s + =7 | I e

Consequently N is a contraction. As a consequence of Banach fixed point theorem, we deduce
that N has a fixed point which is a solution of the problem (1) — (2). O

Question 3 : (10points)
Proof. We shall use Schaefer’s fixed point theorem to prove that N has a fixed point. It can
be easily shown that NV is continuous and completely continuous.

Now it remains to show that the set
E={yeC(J,R):y=AN(y) forsome 0 <\ <1}
is bounded.
Let y € €, then y = AN(y) for some 0 < A < 1. Thus, for each t € J we have

y(t) = ﬁ / (t — )" f (s, y(s))ds

sy | = teas

Ao+ Ayt + )\%TtQ.

This implies by (H3) that for each t € J we have
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Thus for every t € J, we have

M M |?JT| 2
0o < T T T+ Z—T% .= R.
9l = [(a+1) +F(a—1) + lyol + 9517 + 2

This shows that the set £ is bounded. As a consequence of Schaefer’s fixed point theorem, we
deduce that F" has a fixed point which is a solution of the problem (1) — (2). O



